
Lab 1 manual: Measurements and Uncertainties revisited
Dr. D. Beznosko
7/10/2022
For PHYS 1112L and PHYS 2212L
(Lab outcomes: Review of measurements, uncertainties,  and error propagation; a procedure for manual fit is introduced)
Abstract
	This document outlines the format of the lab report and describes the assignment with all reminders from last semester. The abstract should be a short paragraph that very briefly includes the experiment objective, method, result and conclusion. After skimming the abstract, the reader should be able to decide whether they want to keep reading your work. Both the format of the report and the error analysis are to be followed. Note that abstract is not just the introduction and conclusion combined, but rather the whole experiment in short including the results. When a measurement is done, the obtained value contains the uncertainty. When used in equation, this uncertainty must be propagated to the result. The equations for this propagation are derived in this document. The procedure for ‘measurements and uncertainties’ lab is outlined. The procedure for measuring the systematic and statistical errors is provided. Plotting, manual fitting and quality of the fit are revisited.

Introduction
This section should normally start with some background information on the topic of the lab. Historical background is fine, such as the history of discovery or first measurement of the value, etc. The motivation for doing the experiment should follow. Try to avoid separate statement of objective, hypothesis or similar. The motivation paragraph should logically conclude with the necessity of the experiment.	
The propagation of the uncertainties (normally called errors) and the ability to classify them as systematic and statistical are at the base of the theory of measurements. The presented derivations follow from the simple considerations and are useful in a multitude of fields beyond physics (think about which ones? You can include that in your introduction). Pay attention to the lab report formatting as more and more points will be subtracted for mistakes. Plotting and manual fitting will be carried out for this report.

Experimental Setup
	A reminder, the experimental setup and should include the photo or a schematic of the setup (all relevant parts, such as scales, rulers, etc.) as well as the setup text description and the experimental procedure. The schematic can be very simple, such as shown in Figure 1. Briefly describe all the parts of your figure. Descriptions like Figure 1a or Figure 1 (left) can be used. Note the formatting of the figure reference and the caption. No colored text unless absolutely required by context.
	In this experiment, the sides of the lab table (Figure 1b) will be measured using a ruler from PASCO [1] (Figure 1a) (yes, the description of each part should be included). Note the use and format of the references – use IEEE style!
Ruler
Table


b)
a)

[bookmark: _Ref101896863]Figure 1: The experimental setup schematic. A ruler (a) is used to measure the table (b). Add missing components as needed. DON’T COPY FROM MANUAL – instant 0!


Procedure[footnoteRef:1] [1:  In your report, DON’T COPY this or any other section. This document is a lab manual and, in many parts, will be written in the style that is not appropriate for the report. I will consider copying any text from manual as error and lack of section even if you reference it, or even as plagiarism. Must be in your words, describing what you did in the lab. Might be different from this description as lab activities may not always follow the description provided exactly.] 

	We will use a metric ruler (never use imperial system in the lab!) and a table. The result is the area of the table. (Note: in general, don’t do the %discrepancy unless the accepted value for the result is known. For example – in this lab, we don’t know the “true” value of area).
As we use the tools that are somewhat different from each other (i.e. the rulers are slightly different) and every person also tends to measure things a bit different as well, we need to assess both the systematic and the statistical errors. Note that in the future labs we will skip such rigorous measurements but remember that any error estimation that you will be making in the future can always be checked by a similar process.
A three steps process for the weighing the mass has been done in semester 1 of this course. Here we will try another approach to measure all statistical uncertainties in a same process without separating into human readout precision and the differences between various tables. We will still need to access the systematic error of the instrument we use (i.e. all rulers). We will further assume that all sides of all tables are the same and use them for a single statistical result.Hint: manufacturer precision is not always known. Normally, an order of smallest division can be used with caveat. Must clearly state that in the text. Typically, this is an overestimate.

1. For estimating the difference between the rulers and a possible systematic: One student will measure a table or a better object with sharply defined edges using all the rulers. The stdev is a systematic error.
NOTE: all rulers may be identical and still have error in their scale. This process has only limited use. The actuals systematic error should be listed in the manual or on the manufacturer website. Find “Aluminum Meter Sticks” on PASCO website and use manufacturer precision instead of this measurement[footnoteRef:2]! What about the thickness of the markings – do they matter? [2:  The best I found is this: https://www.pasco.com/resources/video/fnACFOgqlBs , maybe you’ll have better luck!] 

2. Now every student will go around the lab and measure all tables/all edges using all rulers as we need large number of measurements (depending on number of students, instructor may shorten this process). Make sure that during the process you don’t say any of your results but write it down silently; complete all tables with the same ruler, then pick another and write results in a link provided or on a new piece of paper so you don’t see your previous results! This is important! (WHY?). At the end, share the results with all students. The average of these results will be the used as , and the sigma – as the statistical error of the weighing process. (NOTE: sanitize hands and/or rulers in the process as needed.) See analysis part for the description of how we will get the sigma – width of the distribution. Find stdev as well for comparison.
In the theory section, provide the equations that you are going to use with explanation of symbols in them (for area of the rectangle). Propagate the error and show this equation as well! Theory section will also have the equation for the Gaussian. Don’t include equations for the average and stdev as they are assumed to be common knowledge (unless you used non-standard equation for the stdev – include it and provide explanation as to why you used it). 
Show the equations for the error propagation and their derivation (PHYS 2211L only). The key derivation steps must be shown. Use partial derivatives.
For PHYS 1111L – only show the error propagation equations that you will be using as you will be using simplified results from later sections in this manual. 
Remember to number the equations. Use equation editor in Word or your text processing software, the equations typed in text like: s^2-√(23/45)^3 and all similar will not be accepted. 
Any mistakes in this part will carry the heaviest penalty so make sure you are doing this correctly!
Instructions on how to handle all different errors that we have measured: combine all systematic errors into a single systematic as:

and all statistical ones into the single statistical error value by the adding them in quadrature. Your systematic might be very small. If it’s much smaller than statistical, you can skip doing this step as the result will change much. But you should explain this in the report briefly.
Extra credit: find confidence interval (say 95%) on table side length and explain what it means for other tables not in the lab room.

Experimental Data
The results of the measurements are in Table 1. Think about how to organize this table. The error can be listed in a different column or as value ± error unit. Don’t include all data values here, only relevant means, stdev etc. All data values may be included in the Appendix for this lab, formatted to take less space. Show important parts! In most cases, all data points are not needed, especially for computer-based labs.

[bookmark: _Ref101897498]Table 1: Experimental data.
	Quantity name
	Measured value, units

	Table side length (average)
	

	Various errors measured, list separately as needed
	

	
	

	
	



Provide description about each entry as needed, don’t just leave the table without text in this section. Organize well so that data takes less space, but everything needed is included.

Theory
Consider the equation 1 that described the dependence of position x on time.

where  is the area,  is length of the side of the table. Always use equation editor and number the equations so that they later can be referenced as eq. 1 or equation 1. If there is a total measurement error on , what is the ? Show this in your theory section.
For the analysis of the table side length measurements, we will also need a formula for the Gaussian curve as presented here:

Here, C is the multiplicative constant that has a meaning of the amplitude, x is the histogram bin value (the x axis value that is),  is position of the peak, and  is the width of the gaussian.
The Table 2 shows the reminder of the parts of the lab report that should be included. DO NOT include this in your report – this table is only for your benefit.

[bookmark: _Ref107852105]Table 2: Description of all parts of the report.
	Section name
	Section content description

	Abstract
	This is a short summary of the whole report, including the introduction, results, and the conclusion. Include numeric result as appropriate!

	Introduction
	Give an introduction into the topic of the lab and why are you doing it.

	Experimental Setup
	Can be also Experiment design, Setup and design, Apparatus, or anything similar. Includes the description of the apparatus used, or the experiment itself with all relevant schematics of the experimental setup. For Tracker labs, a relevant screenshot can be used.

	Experimental Results (or Data)
	Includes relevant tables (just one per each data type)/graphs of your data. Most likely, this is not raw values but averages with errors or similar. If you have more tables of the same, show only one - do not include the rest in the body of the report, but attach an Appendix at the very end.

	Theory/Derivations
	Either name is fine. If the lab asks you to derive any equation, or you need to use a set of specific equations, list and describe them here. A separate Derivations section in addition to theory (or as a subsection) can be used if a lengthy derivation is needed from the stated theory. Remember to number all the equations. Do not list equations that are considered ‘common’ knowledge, such as how to find mean or standard deviation. Sometimes such equation should be listed if it’s used explicitly in your calculations.

	Analysis
	Describe analysis process referring to equations from theory section. Show only organized results (for example, as a table or a plot, etc.). Describe what they are and what do they mean. You may show highlights of some steps of the calculation for a single example if you feel it’s necessary to be shown in detail.
Unless the focus is on the error analysis, it should be included in this section and not separated. ALL LABS SHOULD HAVE ERROR ANALYSIS even if the manual doesn’t directly instruct you to do so.

	Conclusion
	Restate the result with appropriate errors and comment on it. Or refer to the plot or table with the results if longer than one-two numbers. Comments/discussion should include if the experiment was a success, if the value is near the expected, what was the reason for any deviation and can this experiment be improved if done again.

	References
	Use IEEE format for the references. You can use reference as part of the text, such as: As described in [1], the result matches with the value from [2] and so on. Avoid quoting actual text from references or keep to as little as possible.

	Appendix
	Can be Appendix 1, Appendix 2 as needed. Can include anything you wanted to show but it was lengthy or didn’t fit into all previous sections. Normally, you should try to avoid adding an appendix but its ok to include one to your report.



Analysis
For analysis, we will do two new things using Excel or similar spreadsheet software. Sadly, none of them does a Gaussian fit, so we need to do this manually. (Note: If you know how to or want to learn a professional analysis tool that can do a Gaussian fit and many other analyses and tasks, check with the lab instructor for suggestions or approval of your software package. The output of the package must the errors on all fit parameters that consider x and y error bars, and ).
Only the Excel analysis is described here. You may want to download the ‘Lab 1 gauss fit.xlsx’ file that is provided as a reference for all the tasks.
[image: Graphical user interface

Description automatically generated]Start by entering the data from class into a single column. Find the mean (average) and the stdev of the data. (can use STDEV or STDEVA commands in Excel).
Next, go to Data menu ribbon and choose ‘Data analysis’. If your Excel doesn’t have this button, it needs to be activated – go to “File” menu, ‘Options’, Add-ins, Manage Excel add-ins and click “Go” button. Check the ‘Analysis ToolPak’ and hit Ok. The option should now be in the Data menu.
[image: A screenshot of a list

Description automatically generated with low confidence]From the pop-up window, choose ‘Histogram’. For the Input Range, select all the data (excluding the average and stdev that you have already calculated. Be careful!). Hit OK. A new worksheet will appear with the two columns: Bin and Frequency. Plot Frequency vs Bin as a scatter plot. DO NOT connect the dots with lines!!!
Now, it is entirely possible that your plot doesn’t look symmetric and overall ‘nice’ – be careful with what is meant here! Check your bins – probably, they are some strange looking long numbers. This is because Excel decided by itself what the size of the bin should be. If that is the case, you need to define your own bins. Here’s how to do that:
Start with your average of the data. Say its 76.543453 cm. and stdev is 0.150698 cm. Choose 76.50 as a center of your bins and a step should be approximately a third of the stdev, 0.05 here. You can try a quarter or half (or other fractions) and see the output as well, depending on your data, other options might be better.
Create a column of values around the chosen center with a step for about 3-4 sigma values (that is, at least 10 points before and after the center). Do the histogram again, now, for bin range choose the values you have just created. Do the plot of Frequency vs bins. Does this look better?
Add few more columns to this result. [image: Graphical user interface

Description automatically generated with medium confidence]
Error bars here are just the SQRT(Frequency).. Because Frequency here is just counting of how many measurements fall into the bin, the Poisson error is used (read about it on your own if you are interested, and/or take a statistics course for more information). Plot vertical error bars.
In the separate cells, write down the following initial guesses for the fit: for , own amplitude, use the highest value from the Frequency column. For  – use the average. For  – use stdev. Now, in the Theory column, use equation 2: for x, use the value of bin. For the  – their values are always the same from the cells you created. Use $$ as needed (hint – F4 key should be useful for this, or Fn+F4, depending on your system).
Create the theoretical values and plot them on the same figure that already has your Frequency vs Bin plot. Use a smooth line for that for better visual clarity.
For the chi^2 column, see Appendix 2. The provided reference should be helpful here!!! This column uses the ‘error bars’ as error! (Check out also the ‘Lab 1 sample plot.xlsx’ file)
Now, what is your value of  ? Should be 1 or less. Vary  until  is at the minimum. You are done. Show the final plot and  value – best if on the plot itself.
Now, convert the  into the probability. For that, use some calculator that can do this function. For example, http://courses.atlas.illinois.edu/spring2016/STAT/STAT200/pchisq.html . Note that this calculator specifically asks for the  before you divide it by the degrees of freedom, and the degrees of freedom separately. Show this on the plot as well.
Your number of degrees of freedom (ndf) are number of bins minus number of parameters. The parameters here are  – so, there are three of them.
Now, what we want from this process are the values for. Use  for length  and . Find the area using equation 1, propagate the error.

Conclusion
	This article describes the format for the lab report as well as the initial error analysis and propagation, plotting and manual fitting. Remember to include references and appendices as needed. Comment on your result (table area). What did you learn in performing this measurement? Where else can it be used? Can it be improved?
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APENDIX 1: Error Propagation

Consider some equation (that is completely made up here) that described the dependence of quantity x on measured quantities m1, m2, c and e – shown in equation 3. Let’s say that in this example m=Average (m1, m2) since both are very close – like each length of each table that we measured, so we take m to be the same for all with some error. And same error  is used for m. Since c, e, m1 and m2 are measured, they have an associated uncertainty that will contribute to the .

But before we write out the equation for the , we need to derive it first.

General error analysis/propagation (not for PHYS 1112L)[footnoteRef:3] [3:  The lab manual will indicate sections/subsections/paragraphs that are not required for PHYS 1111L students. Such sections will count as extra credit only for PHYS 1111L if a student were to correctly complete the work in that section. Sections labeled as ‘extra credit’ are not required for all students but will count as extra credit for all courses.] 

General theory: When you have a formula of the form , and either x or y (or both) have uncertainties (errors) associated with them, then the error propagation equation is the full differential of , meaning that you take a partial derivative of f in each variable that has an associated error. The details and explanation of what is a partial derivative will be shown during the lab meeting on error analysis.
For example, say that  but z is either known perfectly somehow, or the error in z is orders of magnitude smaller relative to value of z, and we can skip it for the illustration of this example. Then the error of the function  will be:

where  denote the partial derivatives and the  and  are the corresponding uncertainties.
Note that both the error in x and y are assumed to be independent and uncorrelated from each other and are added in quadrature just as two vectors would be. The actual reason is different, but this will help you remember it.
Also, a partial derivative of  with respect to x and y is used. These are used with functions that depend on more than one variable. It is easy evaluate a partial derivative: in the first term with x, take the regular derivative in x but treat y as if it were a constant.
Simplified error propagation equations[footnoteRef:4] [4:  If there is no indication that the section is extra credit or is not for some group of students, it’s for everyone!] 

Now that you have seen the full derivation, note that the error analysis in the lab report should be kept simple yet used everywhere it’s applicable. The simpler equations can be derived from the equation 4 for common cases using simple formulas of forms like , without trig or log functions, etc. Table 3 shows how to do error analysis for simple formulas:
[bookmark: _Ref101900502]Table 3: Simplified error propagation equations.
	Formula form, 
	Simplified error analysis rules to be used

	
	

	
	

	
	



However, for the formulas involving more complex function like trigs and exponentials, you will have to use the full differential formula (not in PHYS 1112L). Remember that errors are always positive. And they always increase no matter if you add, multiply or divide variables with each other. Exceptions are powers, say, a square root makes the error to be reduced in half, but the ratio of error to its value still increases!
(NOTE: if you divide or multiply the variable by a constant, the associated error gets divided or multiplied by the same constant. Addition or subtraction doesn’t affect the error).

Error estimation method (supplemental):
There is a short-hand version of error analysis for a simple function that contains a term with a trig, log or similar slow varying function (will not work for exponential functions!) that you can’t process using simplified equations. Do not use in the lab reports unless you are in PHYS 1112L – but you can use this for quick error estimation in class and for checking if you calculated errors right). 
Say , with  and . Then the quick error estimate will be:

Note that in the first term, you use the values that give you the largest result (for example, for cos(a) you would use the angle minus error instead). And second term should be the smallest result that can be obtained by applying all errors.
If you want to convince yourself that this works, compare this with the result from the differentiation using equation 4. Note that radians must be used for the  for the calculations! 


EXAMPLES:
Example 1. What about equation 3? Now we can find the uncertainty in x by propagating the errors for the m, c and e using simplified rules from Table 3:

The equation 5 has the term for m three times because it’s the number of occurrences of the variable in the equation. However, if the power of the variable is different, it should be treated separately when using these simplifies error propagation rules.
You only need to show the important parts of the error analysis calculations (very brief), but include the error with any measured number and value unless the initial error was much smaller than the value measured so that it could be taken as ‘perfect’ (e.g. time in computer measurements it counted typically in seconds., but the uncertainty is in milliseconds so it can be omitted).

Example 2 (not for PHYS 1112L). Given , we need to propagate the error and find the . Then the error on d will be:

Note that the partial derivative in x is done using the chain rule in x only.  in radians!
(Numbering rule: you don’t have to number equations that you will not refer to later in the report. But numbering them is not an error)

APPENDIX 2: Plotting and 

The sample below shows you an example of  calculation in Excel. Similar steps can be taken in other spreadsheet programs. You are welcome to use professional data analysis software that provides the  and the errors on fit parameters (for extra points!). Delta velocity in the figures is the error in the velocity parameter.
Plot the data in Excel using ‘scatter plot with only markers’ as velocity vs. time (e.g. vertical axis is velocity and horizontal one - time). Label the axes. Include error bars for the velocity – time is considered ‘perfect’ as measured by PC. To set the error bars, click on one of the data points and choose the ‘Layout’ bar on the main menu. Choose the ‘Error bars’, then choose ‘More error bars options’. Mark ‘both’ in directions part, then in ‘error amount’ select ‘fixed value’ and enter the value for the velocity error determined earlier. From the resulting plot, select and remove the horizontal error bars that are not needed as the time error is much smaller than the time scale used (FOR THIS EXAMPLE ONLY in ‘general plotting example with chi2 and errors.xlsx’ file!).
From the graph it is obvious that the set of data has a linear trend. To find the best fit for this set of data, right click on one of the data points and select “Add Trendline”, choose “Linear” trend type and check the “Display equation on chart” option. The equation describes the line (best fit found) for your set of data. Make sure you uncheck the ‘Display R-squared value’ option as it is not same as 2. The slope of this line is your average acceleration. You also need to find the error of the slope (as linear regression).
To estimate how close the best fit line is to the experimental data, you should perform the Chi-Squared Test. For that you should use the theoretical equation of the best fit that you got from the trendline and calculate the theoretical values of velocity. Then calculate the squared difference between the theoretical and experimental values as:

Divide the obtained value by the number of degrees of freedom:

Screenshot samples below indicated how to do this in Excel. You may also use the excel file attached to this manual or distributed in the lab session. (Note that if you take any materials/plots etc. from this manual, you must reference them as well, same as any external source. On the other hand, ‘common-knowledge’ formulas like  and similar don’t need any references.)
In all steps, use proper number of significant digits!
First, define the theoretical value by typing in your fit results:
[image: Graphical user interface, application, table, Excel

Description automatically generated]

Then define the square of the difference between the measured and theoretical values. 
[image: Graphical user interface, text, application, table

Description automatically generated]

Sum all values of chi1 column. Divide chi2_sum by the degrees of freedom (ndf, number of data points minus the number of free parameters of the fitted function (in our case ndf = nvalues – 2, as line  has two fitter parameters, a and b). DO the linear regression. Include these values on the final plot (see example).



Quick note: if your 2 value is much larger then 1, you may increase the error (and the error bars size) for the velocity, make sure you clearly state that in you report. If the value is much smaller then 1, you may NOT reduce the error, but comment on why it is larger than the actual spread of your data points.

Velocity vs. Time
velocity	y = 0.1211x + 0.0553
c2/ndf=1.088
slope=0.121±0.003
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general plotting example with chi2 and errors.xlsx
Лист1

		THIS IS JUST ONLY A SAMPLE PLOT< NOT REAL DATA

				time		velocity		delta velocity				theor values		chi2

				1		0.1		0.05				0.1764		2.334784

				1.5		0.3		0.05				0.23695		1.590121

				2		0.38		0.05				0.2975		2.7225

				2.5		0.4		0.05				0.35805		0.703921

				3		0.45		0.05				0.4186		0.394384

				3.5		0.53		0.05				0.47915		1.034289

				4		0.6		0.05				0.5397		1.454436

				4.5		0.62		0.05				0.60025		0.156025

				5		0.68		0.05				0.6608		0.147456

				5.5		0.74		0.05				0.72135		0.139129

				6		0.76		0.05				0.7819		0.191844

				6.5		0.8		0.05				0.84245		0.720801

				7		0.86		0.05				0.903		0.7396

				7.5		0.89		0.07				0.96355		1.1040005102

				8		0.9		0.07				1.0241		3.143022449

				8.5		1		0.07				1.08465		1.4623719388

				9		1.1		0.07				1.1452		0.4169469388

				9.5		1.12		0.07				1.20575		1.500625

				10		1.19		0.07				1.2663		1.1881

				10.5		1.25		0.07				1.32685		1.2052903061

				11		1.4		0.05				1.3874		0.063504

				11.5		1.5		0.05				1.44795		1.083681

				12		1.53		0.05				1.5085		0.1849

				12.5		1.63		0.05				1.56905		1.485961

				13		1.7		0.05				1.6296		1.982464

				13.5		1.75		0.05				1.69015		1.432809

				14		1.78		0.05				1.7507		0.343396

				14.5		1.83		0.05				1.81125		0.140625

				15		1.9		0.05				1.8718		0.318096

														29.3850831429		chi2

														1.0883364127		chi2/ndf

						SUMMARY OUTPUT



						Regression Statistics

						Multiple R		0.9935091706

						R Square		0.9870604721

						Adjusted R Square		0.9865812303

						Standard Error		0.0600950412

						Observations		29

						ANOVA

								df		SS		MS		F		Significance F

						Regression		1		7.4381745813		7.4381745813		2059.6294503025		4.96327893591828E-27

						Residual		27		0.0975081773		0.003611414

						Total		28		7.5356827586



								Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

						Intercept		0.0552807882		0.0240823807		2.2954868447		0.0297006573		0.0058678245		0.1046937519		0.0058678245		0.1046937519

						X Variable 1		0.1210640394		0.0026675994		45.3831405954		4.96327893591828E-27		0.1155905775		0.1265375013		0.1155905775		0.1265375013



Velocity vs. Time

velocity	y = 0.1211x + 0.0553

c2/ndf=1.088

slope=0.121±0.003
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